Abstract: A robust economic nonlinear predictive controller is proposed for batch biochemical processes. The algorithm is based on a dynamic metabolic flux modeling (DFBM) approach that has gained increasing acceptance in the pharmaceutical industry. Since DFBM models are formulated as LP (linear programming) problems, the corresponding robust economic optimal control solution results in a bi-level optimization consisting of maximizing an economic objective subject to the LP based model. To address robustness the DFBM model is represented by using a Polynomial Chaos Expansion model which allows quick propagation of the uncertainty in parameters onto the cost function to be optimized by the controller. The performance of the robust algorithm is applied to E.coli batch fermentation and it is found to be computationally efficient and superior to the nominal (non-robust) predictive controller.
INTRODUCTION
A robust economic model predictive control algorithm is proposed for a fed-batch bioreactor based on a Dynamic Metabolic Flux Model (DFBM). In optimal batch control, two type of cost functions have been traditionally used (Nagy and Braatz, 2010) : i)-the controller optimizes an end-point batch property and ii)-the controller minimizes the deviations from a reference trajectory which is determined offline. Most of the reported studies on optimal operation of bioreactors involve offline model based optimization (Banga et al., 1997) , without accounting for feedback corrections, (Hjersted and Henson, 2006, Banga et al., 1997) .
Model based controllers that account for feedback require an appropriate dynamic model of the process. Traditionally, unstructured models, based on simplistic substrate and biomass balances not accounting for detailed interactions existent between different nutrients, have been used. Structured models that explicitly account for detailed interactions between nutrients and products, have gained increasing acceptance in the pharmaceutical industry motivating their use for control and optimization.
For example, Dynamic Flux Balance Modeling (DFBM) has been applied successfully by Mahadevan et al., 2002 , as an extension of MFA to describe the dynamic growth of E.coli on glucose and acetate. Hjersted and Henson, 2006 used DFBM models representing growth of Saccharomyces Cerevisae and Ethanol production on glucose for offline optimization of the fed-batch operation by implementing an optimal substrate feeding policy and reduce batch time or increase productivity. However, these studies only perform batch-optimization off-line and have not considered feedback corrections along the batch.
A key advantage of DFBM models is that they require solving an LP problem with a relatively small number of rate limiting kinetic constraints as compared to other structured models that require the calibration of a larger number of kinetic expressions with many corresponding parameters. Thus, DFBMs are potentially less sensitive to experimental noise than other models but they can be sensitive to parametric uncertainty. Also, during fed-batch operation, a combination of factors such as non-ideal mixing or the presence of froth contribute to additional model error and process disturbances. The importance of robustness for fed-batch bioreactor control has been stressed in (Kuhlmann et al., 1998) , due to i) time varying behavior ii) un-modeled dynamics and iii) large disturbances occurring in the process. Nagy and Braatz, 2007 have shown that Polynomial Chaos Expansions (PCE) is a computationally efficient alternative to Monte Carlo simulations for propagating uncertainty in dynamic models. The computational advantages of PCEs for robust control and optimization (Kumar and Budman, 2014, Nagy and Braatz, 2007) derive from the availability of analytical formulae to compute the statistical moments (mean, variance, etc.) of variables described by such expansions. In the current study, a robust optimal control for a bioreactor is proposed in which the economic objective is to maximize the amount of biomass at the end of the batch. Process dynamics are modelled using DFBM and parametric uncertainty is propagated using PCE. Since the DFBM model involves an LP, the resulting control strategy is obtained from the solution of a bi-level optimization problem involving the maximization of the economic objective subject to the LP solution. This bi-level optimization formulation poses challenges to the design of a robust strategy; and a PCE based approach is proposed to address them. The proposed controller can be used in real-time application due to the low computational complexity resulting from the use of PCEs. Section 2 introduces background material on DFBM and PCE which are then used in Section 3 to develop the robust-model predictive controller algorithm. Section 4 presents a comparison of the robust and nominal controller performances for a case study.
MATHEMATICAL BACKGROUND

Dynamic Flux Balance Model (DFBM):
DFBM is based on a priori known network of metabolites, , participating in different reactions. Each reaction is associated to a flux, (mM of metabolite/hr/mM of cell). This network of reactions can be mathematically expressed in terms of a stoichiometric matrix ( ) for the corresponding vector of reaction fluxes ( ). The DFBM approach assumes that the cell acts as an agent that strives to optimally allocate available resources (nutrients) to maximize a given objective, e.g. the cellular growth rate . Other objectives have also been reported such as the redox potential but this study considers only the cell growth. Using the defined stoichiometric matrix and fluxes it is assumed that the cell maximizes the growth subject to constraints on fluxes or metabolites' concentrations as follows:
where 1 represents a vector of bounds on consumption or production rates of extracellular metabolites , i.e. nutrients and by-products, , is the concentration of biomass, is the contribution of each reaction flux towards cell growth (Mahadevan et al., 2002) . Constraints related to the flux rate or change of flux rate can be included so as to obtain better fitting of the model to data. Dynamic flux models have not been used before for predictive control as proposed in the current work.
Polynomial Chaos Expansion (PCE):
A Polynomial Chaos Expansion (PCE) describes a random process as a spectral expansion of random variables, ( ), using orthogonal basis functions, [Ghanem and Spanos, 1990] . For example, a second-order (finite variance) random variable , is described using a PCE in (2), where 1 are deterministic coefficients for each term in the expansion. Since the basis functions Φ , are orthogonal, the first term in (2), 0 is the output ( ) mean and the output variance can be obtained from
+ … (Ghanem and Spanos, 1990 ).
For practical applications, random variables are approximated using truncated PCEs:
. The truncated series are defined by: i) dimensionality, 0 , number of independent sources of random variables (θ i 1 , θ i 2 , θ i 3 ) and ii) maximum polynomial order for the basis function, , (dependent on the nonlinearity of the random process). The number of terms in the expansion , is then given by = ( 0 + )!/( 0 ! !) − 1. The basis functions Φ are chosen from the Askey scheme (Xiu and Karniadakis, 2002) depending on the type of stochastic distribution of the random variables (θ ), e.g. Hermite functions are selected if θ is normal, so as to preserve orthogonality. Given a process model with an uncertain output, = ( ; ), where is an input and is an uncertain parameter, the aim is to propagate the uncertainty in ( ) onto ( )using the process model. Assuming that PCE's of ( ), are known a priori or are identified from data (Xiu and Karniadakis, 2002) , a corresponding PCE expansion for the output can be calculated by a projection (inner product) operation with respect to each of the orthogonal basis functions, Φ , (Xiu and Karniadakis, 2002) . For example, after substitution of a PCE of ( ), into the equation = ( ; ) and assuming
, the inner product of ( ) with respect to each basis functions Φ is used to determine the ℎ -PCE coefficient as follows:
Two approaches referred to as non-intrusive and intrusive can be used to evaluate the inner product 〈 Φ i 〉. The nonintrusive method does not explicitly uses the model and it only uses specific input and corresponding output values that define an empirical input-output mapping referred to as a surrogate model (Najm, 2009 ). In contrast, in the intrusive method, the integral 〈 ( ; )Φ i 〉 in (3) is evaluated by using Galerkin projections. For this case the PCE coefficients of ( ; ) in terms of the basis functions Φ are calculated analytically since the model f is explicitly used in contrast with the surrogate models used in the non-intrusive approach mentioned above. Both intrusive and non-intrusive methods are used in different steps in the current study. Additional details on the use of each method are provided in the next section.
ROBUST CONTROL AND MODELING
Robust Modelling
The goal of the current study is to develop a robust-MPC for a bioreactor operated both with feeding and perfusion; based on a DFBM model given in (1). To this purpose, dynamic mass balances that account for the feeding rate , perfusion rate and resulting volume changes can be written in terms of the fluxes' vector (Eq.4). Where, is the volume of the reactor, is the concentration of metabolites in the feed and functions and are the RHS of ODE's for and respectively. To solve for the fluxes' vector , a DFBM model is posed as an LP that can be solved at each time interval IFAC ADCHEM 2015 June 7-10, 2015 
as shown in (5). The positivity constraints are obtained from the discretized versions of the ODE's in (4).
The constraints in problem (5) involve bounds on flux rates, positivity of species' concentrations calculated from the discretized form of the process equations given in (4), Δ is a discretization time step, , is the current time interval. The functional form of depends on the type of metabolite; can be zero implying that there is no external exchange nor accumulation of the metabolite, and in other cases it is a function of parameters such as uptake rates, substrate inhibition constant , and concentration of metabolites . As a result ( − 1) = ( , ) is a function of ( − 1). The material balance of and is used in continuous form (4) for calculating predictions for the controller until the end of the batch; and in their discretized form within the LP (5) for formulating the positivity constraints on metabolite concentrations, i.e. ( ) >= 0.
Rather than tracking a prescribed trajectory, an economic objective is used for control in this study consisting of maximizing the cellular amount at the end of the fed-batch ( ) * ( ). Also it is assumed that the biomass ( ) and glucose, the main metabolite, can be measured online. Thus, Eq. 4 is used to predict ( ) until the end of the batch and is solved in 2 steps; 1) the LP is solved at every time step to determine ( ). 2) Then, the ODE's in (4) are solved using the ode45 solver in MATLAB for calculating output predictions until the end of the batch.
In the current study the parameters' vector is assumed as the main source of uncertainty in the model and hence it is characterized as a random variable by a PCE as
In correspondence with the two step solution explained above for Problem (4) and (5), the uncertainty propagation is also done in two steps by noticing that impacts the ODE's predictions through the LP in (5) as follows: step 1-a PCE expansion for the reaction fluxes can be determined,
from the LP with a non-intrusive approach, step 2-The PCE expansions in is substituted into the system of ODE's in (4) to solve for PCE expansions of , using an intrusive method. From this substitution it is possible to obtain ODE's for the PCE coefficients of and , , , , 0 , 1 , 2 respectively. These two steps for uncertainty propagation are further described below.
3.1.1: propagation of uncertainty onto the fluxes (nonintrusive PCE approach) using LP in (5)
Because the constraints in the LP problem are nonlinear with respect to , the solution of the LP is nonlinear with respect to the coefficients of the PCEs representing these parameters . Hence, in the current study it is proposed to replace the LP with a surrogate model (non-intrusive PCE approach) for directly relating the PCE expansion of the uncertain parameter to a PCE expansion of flux vector = 0 + 1 + 2 . This surrogate model needs to be developed in realtime for every time step in the prediction horizon. To this purpose, an input ( ) and outputs mapping is created using samples of input values , and solving the (as shown in Eq. 6 derived from 5 for each of those values to determine corresponding output, .
are PCE coefficients of as per the equality constraint in Eq. 6, where , are specific collocation points necessary for Gaussian Quadrature, , , are standard Gaussian quadrature weights corresponding to , , is dependent on dimensionality of and nonlinear dependence of on .
Section 3.1 2: propagation of uncertainty in fluxes into the predictions of z and X.
Assuming PCEs of and can be described by = 0 + 1 + 2 and = 0 0 + 1 1 + 2 2 , this step consists of obtaining expressions for the PCE coefficients , , ∈ [0,1, … − 1], by using the ODE's in 4. To this end, ODE's for each of , , ∈ [0,1, … − 1], are obtained by substituting the PCE's for (given), from (6) and assuming PCEs for and into the functions and in equations (4) as follows: 
Similar equations can be formulated to calculate the PCE coefficients for the biomass .
Section 3.
Prediction with uncertainty until the end of the batch by combining step 1 and step 2 above
At a given time step , provided feeding rate ( + | ), perfusion rate ( + | ) ∀ ∈ �0,1,2 … , �are known, where = + and corresponds to the end of the batch, then the steps for uncertainty propagation until the end of batch are as follows:
1.
= 0, ( + | ), and ( + | ) are known, so is , ( − ), ( − 1), ( − 1), ( − 1).
2. Determine ( + ), ( + ) using , ( + − ), ( + − 1), ( + − 1), ( + ), ( + ), ( + − 1) by replacing LP with a surrogate model using Gaussian quadratures (section 3.1.1).
3. Determine ( + ), ( + ) using , ( + ), ( + ), ( + − 1), ( + − 1) and ( + | ), ( + | ) from step 2 above and section 3.1.2 4. If ≥ , then break; else = + 1 and go to Step 2 and 3; end if.
Nominal Control Formulation
In the current study an economic objective function is used for fed-batch control that consists of maximizing the amount of biomass at the end of the batch, time , � = + � * ( ) by manipulating the nutrient feed-rate ( + | ), ∀ ∈ [1,2,3 … ] and the perfusion rate, ( + | ), ∀ ∈ [1,2,3 … ], for the process model in (Eq. 4). In the model (4) 
profiles. It should be noticed that the outer level optimization seeks to maximize the biomass at the end of the batch whereas in contrast in the inner level growth is maximized at each instant. In the current work, the outer level is solved using fmincon in MATLAB, and the inner level (problem 5) is solved with linprog in Matlab.
Robust Control Formulation
The robust optimization involves a modified cost consisting of a weighted sum of the expectation and variance of a cost function. In the current work, since the uncertainty is propagated using PCE, both the expectation and variance can be quickly calculated online using analytical expressions. Similar to the nominal control formulation given in (13), the biomass prediction is updated using feedback, = ( ) − 0 ( | − 1) with only the nominal prediction ( + ) = ( + ) + and assuming remaining PCE coefficients ( | ) = 0, where ∈ [1,2, … − 1]; the manipulated nutrient is updated using the current measurement, ,0 ( | ) = ( ) and similarly , ( | ) = 0.
Eq. (14) presents the robust control problem formulation with economic objective function and uncertain model predictions where 1 , 2 , represents the weights assigned to the nominal and robust performance respectively. The problems in (13) or (14) are solved with a combination of linprog and fmincon in MATLAB for the inner and outer optimizations respectively.
CASE STUDY
To illustrate the proposed controller, a simplified DFBM model developed by Mahadevan et al., 2002 for growth of E.coli on glucose is used. Figure 1 shows the simplified metabolic network, with glucose (Glcxt), acetate (Ac) and oxygen (O 2 ) as the input and biomass ( ) as the output. It consists of 4 fluxes, and 3 metabolites, (Glcxt, Ac, O 2 ). The growth rate, and 3 4 , the stoichiometric matrix related to the 3 metabolites participating in the reactions leading to the biomass growth, are presented as follows: Eq. (16) and (17) represents the corresponding mass balances and DFBM model for E.Coli growth on Glucose and Acetate. In a batch reactor, there are 3 distinct growth phases of E.coli, viz. i) Aerobic growth on Glucose, ii) Anaerobic growth on Glucose, and iii) Anaerobic growth on second metabolite, acetate. In the current study the original model (Mahadevan et al., 2002) , has been expanded with two additional parameters: glucose inhibition constant , and the effect of perfusion rate . As generally reported in the literature impacts the glucose uptake since high concentration of glucose inhibits growth. The perfusion rate ensures that the negative impact on growth by accumulation of high levels of acetate and glucose is avoided. Eq. (16) and (17) can then be used with the economic objective function proposed in (13) to formulate a nominal controller that uses feedback signals of ( ) and ( ). The uncertainty in the model is assumed for simplicity to be associated to the maximum uptake rate constraints, . The robust controller is developed by extending the nominal model of Eq. 16 and 17 to account for robustness as in Section 3.3.
To test the controller in terms of disturbance rejection ability, the mass transfer coefficient is considered as a disturbance. The objective is to maximize the biomass at the end of the batch by manipulating the glucose feeding and the perfusion rate in the presence of disturbances in . To develop the robust controller, a PCE for the uncertain parameter, , is assumed to be a priori known. Hermite Polynomials are chosen as the basis functions for the PCE expansion of which is assumed to be a normally distributed variable thus represented by a PCE with coefficients 0 , 1 that can be shown to be equal to the mean and variance of respectively (Ghanem and Spanos, 1990) . Then, correspondingly = 1 and = 2 are used for uncertainty propagation using PCE. Table 1 shows the nominal parameter values along with the variance used for the case study.
are assumed to be sinusoids with an amplitude of 0.05 and with different mean values as given below. 
The goal of the case study is to compare the performance of nominal and robust controller in terms of disturbance rejection. The weights in the cost function in (13) were kept constant to = 10, = 20. Three different type of process disturbances are used to compare the controllers' performances. To check for the effect of , 6 different values of are considered where each of these values remains constant along a fermentation i.e. during one run of the batch does not changes the value, however the robust model prediction, uses the nominal value and associated uncertainty information whereas the nominal model, used for the nominal controller, only uses the nominal value of 6.5 for . Similarly, 3 different mean values of are used to simulate the sinusoidal process disturbances (2.4, 4.0 and 5.6). Both the nominal and robust controllers use the nominal mean value of the disturbance i.e. ����� = 4.0.
Thus, a total of 18 cases are simulated for the nominal and robust controller with varying values of and . Table 2 lists the amount of biomass produced at the end of the batch using the nominal and robust controller respective- IFAC ADCHEM 2015 June 7-10, 2015 ly. It is evident looking from the biomass values, that the biomass production is more sensitive to than to . Also when increasing the value of for the plant, the total biomass production ( ) increases, irrespective of the kind of controller. Hence it becomes important that when is low, the biomass production will meet certain production targets, or else the entire batch production might have to be discarded. In that case the robust controller becomes particularly effective since it predicts the possibility that productivity will be low thus increasing the glucose feeding beyond the amount calculated by the nominal controller. For instance, when ≈ 3.9, the average performance of the robust controller for three disturbances is better than the nominal controller by 7%. For the 6 cases where > , , the robust controller also does better than nominal controller; since the robust controller accounts for the case that is large thus avoiding overfeeding of glucose that results in growth inhibition. For the remaining cases where ≈ , , the robust controller performance is similar to that of the nominal controller. The ratio of the average cost of the robust and the Table 2 indicating consistently better productivity (cost) for the robust controller with an average improvement of ~15%, that can be very significant in biomanufacturing. Figure 2 shows a typical Feeding and Perfusion profile for both the robust and nominal controllers for = 5.2 and for the process disturbance corresponding to a mean value of = 4.0. In the initial phase until < 6 ℎ , biomass growth occurs on glucose and the nominal and robust controllers show similar performance. Next when 6 ≤ ≤ 9 ℎ, the nominal controller starts both feeding and perfusion, resulting in high for that time period, as compared to the robust controller, which only starts feeding at comparatively lower rates so as to avoid glucose inhibition. Also, during 6 ≤ ≤ 9 ℎ, the robust controller maintains a constant level of , indicating a balance between the metabolic glucose uptake rate and glucose from the feed while the nominal controller results in higher glucose levels which are inhibiting the growth. In the last phase of the batch, ≥ 9ℎ, both the robust and the nominal controller increase feeding rate significantly in order to maximize the final biomass amount.
CONCLUSIONS
Robust and nominal control algorithms are presented for a fed-batch reactor modeled using DFBM model and an economic objective function. The robust controller showed better final productivity (biomass level) than the nominal controller by an average of 13% that can be significant in biomanufacturing. The use of PCE to propagate parametric uncertainty is computationally very efficient as compared to Monte Carlo and thus it is instrumental for online implementation of the proposed robust algorithm.
